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We propose inducing Bose-Einstein condensation of magnons in a magnetic insulator by a heat
flow oriented toward its boundary. At a critical heat flux, the oversaturated thermal gas of magnons
accumulated at the boundary precipitates the condensate, which then grows gradually as the thermal
bias is dialed up further. The thermal magnons thus pumped by the magnonic bulk (spin) Seebeck
effect must generally overcome both the local Gilbert damping associated with the coherent magnetic
dynamics as well as the radiative spin-wave losses toward the magnetic bulk, in order to achieve
the threshold of condensation. We quantitatively estimate the requisite bias in the case of the
ferrimagnetic yttrium iron garnet, discuss different physical regimes of condensation, and contrast
it with the competing (so-called Doppler-shift) bulk instability.
PACS numbers: 72.25.Mk,72.20.Pa,75.30.Ds,85.75.-d
Introduction.—The rapidly developing thermoelectric
transport capabilities to probe nonconducting materials
are instigating a shift in the field of spintronics toward in-
sulating magnets [1–3]. While allowing for seamless spin
injection and detection at their boundaries [4–6], insulat-
ing magnets (including ferromagnets, antiferromagnets,
and spin liquids) may offer also efficient spin propaga-
tion owing to the lack of the electronic channels for dis-
sipation of angular momentum. Recent measurements of
spin signals mediated by thick layers of antiferromagnetic
nickel oxide [7] and, especially, long diffusion lengths of
magnons in ferrimagnetic yttrium iron garnet (YIG) [8–
10], even at room temperature, bear this view out.
The bosonic nature of magnons, furthermore, naturally
lends itself to condensation instabilities when driven by
large biases into a nonlinear response [11–13]. While the
electric spin Hall driving of magnetic insulators [14, 15]
closely mimics the familiar spin-transfer torque insta-
bilities of conducting ferromagnets [16], the possibility
of inducing magnonic (Bose-Einstein) condensation also
by a heat flux [12] offers new exciting opportunities
that are unique to the insulating heterostructures. The
key physics here is played out in the framework of the
spin Seebeck/Peltier phenomenology [17], according to
which the heat and spin currents carried by magnons
are intricately intertwined [18]. While the problem of
the thermoelectrically-driven magnon condensation has
been systematically addressed previously in thin-layer
heterostructures [12, 13], the more basic regime of an
interfacial condensation induced by a bulk heat flux re-
mains unexplored. This concerns the standard geometry
of the (longitudinal) spin Seebeck effect, which is suit-
able for complex lateral heterostructures that could ulti-
mately give rise to useful devices [19].
Applying a large heat flux from a ferromagnet toward
its interface with another material (either conducting or
insulating), which can carry heat but blocks spin flow,
leads to a nonequilibrium pile up of magnons at the
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FIG. 1. A monodomain ferromagnet with uniform equilibrium
spin density pointing in the −z direction (in the presence of
a magnetic field B pointing up along z). A positive ther-
mal gradient, ∂xT > 0, induces magnonic flux jx towards the
interface, where an excess of thermal magnons is accumulat-
ing over their spin-diffusion length λ. When the correspond-
ing nonequilibrium interfacial chemical potential µ0 reaches a
critical value (in excess of the magnon gap), the magnetic or-
der undergoes a Hopf bifurcation toward a steady precessional
state, whose Gilbert damping and radiative spin-wave losses
are replenished by the thermal-magnon pumping ∝ µ0. The
coherent transverse magnetic dynamics decays away from the
interface as nx − iny ∝ ei(kx−ωt), where Imk > 0.
boundary. See Fig. 1 for a schematic. When the associ-
ated chemical potential of magnons exceeds the lowest-
mode frequency of the magnet, the latter gets pumped
by the magnonic thermal gas, leading to its condensation
at a critical bias. The problem of finding the threshold
for this phenomenon as well as considering detrimental
and competing effects are the main focus of this Letter.
Once experimentally established, such pumped conden-
sates should provide a fertile platform for studying and
exploiting spin superfluidity [20].
Two-fluid magnon hydrodynamics.—The interplay be-
tween thermal-magnon transport and coherent order-
parameter dynamics is naturally captured within the
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2two-fluid formalism developed in Ref. [21]. Namely, we
start with a generic long-wavelength spin Hamiltonian
H =
∫
d3r
(
− A
2s
sˆ · ∇2sˆ +Bsˆz + K
2s
sˆ2z
)
, (1)
where sˆ is the spin-density operator (in units of ~), A
is the magnetic stiffness, B the external field along the
z axis, K the quadratic anisotropy in the same direc-
tion (with K > 0 corresponding to the easy xy plane
and K < 0 easy z axis), and s the saturation spin den-
sity. We then perform the Holstein-Primakoff transfor-
mation [22] to the bosonic field Φˆ ≈ (sˆx − isˆy)/
√
2s,
which is composed of the superfluid order parameter
Φ ≡ 〈Φˆ〉 and the quantum-fluctuating piece φˆ: Φˆ = Φ+φˆ.
These relate to the original spin variables as s ≡ 〈sˆ〉 ≈
(
√
2sReΦ,−√2sImΦ, nc + nx − s), where Φ = √nce−iϕ
and nx = 〈φˆ†φˆ〉, with nc and nx being respectively the
condensed and thermal magnon densities. It is clear that
ϕ is the azimuthal angle of the coherent magnetic pre-
cession in the xy plane.
Following the Landau-Lifshitz-Gilbert (LLG) phe-
nomenology [23] of long-wavelength spin-wave dynamics,
the following hydrodynamic equations are obtained [21]:
n˙x +∇ · jx + σµ/λ2 = 2η(ω − µ/~)nc , (2)
for the normal dynamics, where jx = −σ∇µ − ς∇T (σ
being the magnon conductivity, ς the bulk Seebeck co-
efficient, and µ the chemical potential) is the thermal
magnon flux and λ is the magnon diffusion length, and
n˙c +∇ · jc + 2αωnc = 2η(µ/~− ω)nc , (3a)
~(ω − Ω)−Knc
s
= A
[
(∇ϕ)2 − ∇
2√nc√
nc
]
, (3b)
for the condensate, where jc = −(2A/~)nc∇ϕ and ~Ω =
B−K(1−2nx/s) is the magnon gap (where we take for nx
to be the equilibrium cloud density at the ambient tem-
perature T and self-consistently suppose that Ω > 0, so
that the ferromagnet is in the normal state with n = −z
in equilibrium [21]). Furthermore, η ∼ (K/T )2(T/Tc)3
is the dimensionless constant parametrizing the rate of
the thermal-cloud—condensate scattering [21], in terms
of the Curie temperature Tc.
For our present purposes, it will be convenient to re-
cast the condensate dynamics (3) in the form of the LLG
equation, as discussed in Ref. [13]:
~(1 + αn×)n˙− [~Ω +K(1 + n · z)] z× n
= An×∇2n + ηn× (µz× n− ~n˙) , (4)
where the second term on the right-hand side is the local
thermomagnonic torque parametrized by η. Rewriting
Eq. (2) in the same spirit, we have:
n˙x +∇ · jx + σµ/λ2 = ηs z · n× (n˙− µz× n/~) . (5)
Spin Seebeck-driven instability.—For the boundary
conditions at the interface, x = 0, we will take the sim-
plest scenario of a hard wall, for which both the thermal
and coherent spin currents vanish, leading to
σ∂xµ+ ς∂xT = 0 and ∂xn = 0 , (6)
with the latter corresponding to the usual exchange
boundary condition for classical ferromagnetic dynam-
ics. Below or near the onset of magnetic instability (con-
densation in the language of Ref. [12]), we can neglect
the right-hand side of Eq. (5). This produces the spin-
diffusion equation, which is solved by
µ(x) = µ0e
−x/λ , where µ0 = λς∂xT/σ , (7)
in the steady state (established in response to a uniform
thermal gradient ∂xT ) and subject to the boundary con-
dition (6). The magnon chemical potential µ is, natu-
rally, maximized at the interface.
For the remainder of this section, we analyze Eq. (4)
subject to the magnonic torque induced by µ(x) in
Eq. (7). Let us first solve the problem in the limit λ→∞
(relative to other relevant lengthscales, to be identified
below) resulting in homogeneous dynamics. Rewriting
the corresponding LLG equation (4) as
~(n˙− Ω˜z× n) = n× (ηµ0z× n− α˜~n˙)
≈ (ηµ0 − α˜~Ω˜)n× z× n ,
(8)
where α˜ ≡ α+η and ~Ω˜ ≡ ~Ω+K(1+n ·z). Here, we as-
sumed α˜, η  1 and thus approximated n˙ ≈ Ω˜z×n in the
Gilbert damping term in going to the second line. It is
now easy to see that when the antidamping torque ∝ η
overcomes net damping α˜, the static equilibrium state
n = −z becomes unstable [16]. In the case of the easy-
axis anisotropy, K < 0, this leads to magnetic switch-
ing toward the stable n = z state when µ0 > (α˜/η)~Ω.
In the more interesting easy-plane case, K > 0 (corre-
sponding to repulsive magnon-magnon interactions), the
anisotropy stabilizes magnetic dynamics at a limit cycle
(realizing a Hopf bifurcation). The corresponding pre-
cession angle θ is then found to be
θ = 2 sin−1
√
ηµ0 − α˜~Ω
2α˜K
, (9)
eventually saturating at θ → pi when µ0 ≥ (α˜/η)(~Ω +
2K).
Let us estimate the thermal gradient necessary to reach
the critical heat flux for condensation, µ0 = (α˜/η)~Ω, in
the case of yttrium iron garnet. The critical thermal
gradient is given by
∂xT
(c) =
α˜
η
σ
λς
~Ω . (10)
Following the magnon-transport theory of Ref. [21] (Sup-
plemental Material), σ/ς ∼ 1 [24]. Taking conservatively
3α˜/η ∼ 100 [13] and λ ∼ 10 µm [9] at room temperature
(which is consistent with theoretical estimates based on
Ref. [13]), we get ∂xT
(c) ∼ 1 K/µm, for Ω/2pi ∼ 2 GHz
(corresponding to a kG field). Achieving such thermal
gradients should be experimentally feasible [2, 8].
Condensate outflow.—More generally, for finite λ, the
condensate is driven near the interface (where µ 6= 0)
and should eventually decay sufficiently deep into the
ferromagnet. This causes spin superflow away from the
interface, furnishing radiative spin-wave losses into the
bulk, which should suppress condensation and raise the
heat-flux threshold. The corresponding instability is de-
scribed by the LLG equation (4), which we rewrite more
compactly as
~(n˙− Ω˜z×n) = An×∂2xn+n× (ηµz×n− α˜~n˙) , (11)
where both Ω˜ and µ become position dependent (both
decreasing away from the interface toward Ω and 0, re-
spectively, in the bulk). Supposing a smooth onset of
instability, we will look for the thermal threshold by set-
ting Ω˜→ Ω.
Taking, furthermore, the opposite extreme of λ → 0
(relative to the absolute value of the condensate wave
number, to be checked for internal consistency later), we
can integrate Eq. (11) over a distance ≈ λ near the inter-
face [noting that n × ∂2xn ≡ ∂x(n × ∂xn)] to obtain the
boundary condition,
~λ(n˙− Ωz× n) ≈ An× ∂xn + λn× (ηµ0z× n− α˜~n˙) ,
(12)
for the intrinsic bulk dynamics,
~(n˙− Ωz× n) = An× ∂2xn− α˜~n× n˙ , (13)
in the ferromagnet. In order to find the steady-state
limit-cycle solution at the onset of the condensation, we
linearize these equations with respect to small deviations
m away from equilibrium, n ≡ −z + m, and solve for
the ansatz m ≡ mx − imy ∝ ei(kx−ωt) (requiring that
Imk > 0 and ω is real valued), to obtain
~(ω − Ω) = Ak2 − iα˜~ω , (14)
subject to the boundary condition
i~(ω − Ω) = Ak/λ− ηµ0 + α˜~ω . (15)
The first term on the right-hand side of this equation
describes coherent spin outflow into the bulk, the sec-
ond term magnonic pumping, and the last term Gilbert
damping. The critical chemical potential is correspond-
ingly raised as
µ0 =
α˜~ω +ARek/λ
η
. (16)
The spin Seebeck-induced magnonic pumping ∝ η thus
needs to overcome the condensate outflow ∝ A in addi-
tion to the Gilbert damping ∝ α˜. We proceed to solve
Eqs. (14), (15) supposing that Imk  λ−1, for internal
consistency, and find
Imk =
(
α˜
√
λ
2λ2s
)2/3
, Rek =
√
Imk
λ
=
(
α˜
2λλ2s
)1/3
,
(17)
where λs ≡
√
A/~Ω (∼ 10 nm, using Ω/2pi ∼ 2 GHz
and typical YIG parameters [25]). In deriving Eqs. (17),
we have assumed that α˜  λ/λs, which should not be
an issue in practice. The final internal consistency check
is Imk  λ−1, which thus boils down to α˜(λ/λs)2  1.
For YIG with α˜ ∼ 10−4, this would be borderline when
λ/λs ∼ 100 (which should be relevant in practice for a
shorter λ and/or lower Ω). The frequency according to
Eq. (15) is found as ω = Ω(1+Imk λ2s/λ) ≈ Ω, so that the
instability threshold is finally found according to Eq. (16)
as
∂xT
(c) ≈ α˜
η
σ
λς
~Ω
[
1 +
(
λ2s√
2α˜λ2
)2/3]
, (18)
which is the central result of this Letter.
Note that Eq. (18) naturally captures also the λ→∞
limit (10) obtained above (thus indicating its general va-
lidity for extrapolating between both small and large λ
regimes), which we now understand as corresponding to
α˜(λ/λs)
2  1. In the case of YIG at room temperature,
we thus expect Eq. (10) to give a good quantitative esti-
mate for the threshold bias. The details of the magnetic
profile beyond the instability threshold can in general be
expected to be quite complex, as described by the non-
linear Eq. (11), especially if one takes into account the
feedback of coherent dynamics on the magnon diffusion
according to Eq. (5). This nonlinear regime is outside
the scope of this work.
Discussion and outlook.—At a sufficiently large
magnon flux in the bulk of the ferromagnet, the trans-
verse dynamics exhibit also the Doppler-shift instabil-
ity [26], according to the bulk thermomagnonic torque
∝ jx∂xn [27]. We find the corresponding threshold to be
given by jx ∼ sΩλs, which translates into ∂xT ∼ sΩλs/ς.
Dividing it by the threshold (10), we get ∂xT/∂xT
(c) ∼
(η/α˜)(sλsλ/~σ). Taking [21] σ ∼ (T/Tc)(s2/3l)/~, where
l is the magnon mean free path, we thus get for this ratio
∼ (η/α˜)(Tc/T )(s1/3λsλ/l). Performing, once again, an
estimate for YIG at room temperature by taking η/α˜ ∼
10−2, Tc/T ∼ 2, s1/3 ∼ 2/nm, l ∼ 1 µm, λs ∼ 10 nm,
and λ ∼ 10 µm, we find that ∂xT/∂xT (c) & 1, so that
both instability scenarios are in fact viable and could po-
tentially be competing. This could of course be easily
checked as the Doppler-shift instability is independent of
the heat-flux direction, while the BEC of magnons dis-
cussed here is unipolar, corresponding to the heat flux
towards the interface, as sketched in Fig. 1.
It needs also be stressed that the ratio η/α˜ ∼ 10−2
employed in this Letter for our estimates corresponds
4only to thermal magnons and disregards low-energy
magnons that are beyond the Bose-Einstein thermaliza-
tion description [13, 21]. When µ0 approaches and ul-
timately exceeds the magnon gap ~Ω, the overpopula-
tion of magnons pumped at the bottom of the spec-
trum could effectively enhance this factor, approaching
η/α˜ → 1 in the extreme case (realizing the limit of the
strong condensate-cloud coupling studied in Ref. [12]).
This innately nonequilibrium regime, which would yield
a lower threshold for magnonic condensation, is, however,
beyond our present formalism.
Once established, the interfacial condensate of
magnons can be readily detected by monitoring the spin
accumulation (utilizing, for example, the magneto-optic
Kerr effect) in the adjacent metallic (nonmagnetic) sub-
strate or detecting the associated spin pumping by the
inverse spin Hall effect (as in the conventional spin See-
beck geometry [2]). In the latter case, the theory would
have to be complemented with the appropriate treatment
of spin leakage into and relaxation in the normal metal
[21]. The condensate can also be used as a starting point
to study and exploit collective “conveyor-belt” heat and
spin flow [21] tangential to the interface, which would
reflect its superfluid nature.
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